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Problem family with uncertain constraints

optimization
. variable Example
faﬂgﬁoe?;er)d l Inventory Management
(known) minimize  f(z,y)
subjectto  g(z,u,y) <0 * y: Inventory levels
* u:. uncertain demands
uncertain »
parameter * . order decisions
(unknown)

We want to guarantee
constraint satisfaction



Robust optimization recipe

1. Pick uncertainty set U/
2. Ensure constraint satisfaction Vu € U

minimize  f(z,y)
subjectto g(x,u,y) <0 Yuel

How do we pick the uncertainty set?



Picking the uncertainty set is difficult

Worst-case approach

support

U

X Very conservative

Probabilistic approach

VAN

U

X nobody knows P

“Probabilistic Guarantees in Robust Optimization”, D. Bertsimas, D. den Hertog, and J. Pauphilet (2019)

Data-driven approach

Can we use data
to construct
uncertainty sets?



Data-driven methods for Robust Optimization

Hypothesis testing Quantile Wasserstein Distributionally
Estimation Robust Optimization
D. Bertsimas, V. Gupta, P. M. Esfahani and D. Kuhn. (2018).
. Jeff Hong, Z. Huang,
and N. Kallus (2014) and H. Lam (2021) D. Bertsimas, S. Shtern, B. Sturt (2022)

|. Wang, C. Becker, B. Van Parys, and
B. Stellato (2022)

Most approaches decouple

Uncertainty Downstream
set construction optimization task
high coverage .

requirement . a e
Plueld)>1—ce

Deep Learning

M. Goerigk, J. Kurtz (2023)



Leveraging solution structure to choose uncertainty sets

z(0,y)

argmin

subjectto g(x,u,y) <0 Yu € U(0)

Optimization Layer

f(z,y)

Use differentiable optimization

Main idea

to automatically learn
shape and size



Connections with Contextual Optimization

Contextual Optimization

z(y) € argmin Ep (), (f(z,u))

[D. Bertsimas and N. Kallus (2020)], [EImachtoub and Grigas (2022)], Di-ﬂ-‘erences from our work

[H. Rahimian, B. Pagnoncelli (2022)]
“A Survey of Contextual Optimization Methods for Decision Making under Uncertainty”,

U. Sadana, A. Chenreddy, E. Delage, A. Forel, E. Frejinger, T. Vidal (2023) o D|Str|but|on/uncerta|nty Set
depends on y

* High coverage requirements

Conditional Robust Optimization Pluel(y)) >1—c¢
v(y) € arg!;” murenz?();)f (2, u) » Limited focus on uncertain constraints

[A.R. Chenreddy, N. Bandi, E. Delage (2022)], [S. Ohmori (2021)],
[E. Persak, M. F. Anjos (2023)], [C.Sun, L. Liu, X. Li (2023)] 7



Example: newsvendor problem

. Objective sell price
order price / | |
g uncertain .
Yz —p' min(z, u)- demand !M & 20
E'..ﬁ ; ”
/ / log e N('u7 Z> “photo of a newsvendor cat” Dall-E
orders

Robust Reformulation
minimize 7
subjectto k'z + max{-—p'x, —plu} <7 VucU(h)

| x>0 T
family / how do we pick

parar(r;ﬁete)r the uncertainty set?
Yy= P



Standard vs reshaped uncertainty set for newsvendor

Parameters 0 = (A, b)

Standard uncertainty set .
U™ (0) = {4220 | [Jullz < p} = {u | 4% u+b" |2 < p},

empirical e

mean and covariance

Reshaped uncertainty set
U(0) = UA u+0"|l2 < p}

How do we pick the shape and size?
Can the reshaped set be better? 9



Reshaped set does not have high coverage...
...but performs much better!

104 I —— Standard set
> 1N _ Reshaped set
Pareto E 2 N Reference 7
curves for - 0] | T
varying size : 1 e
20700 N0l 0.2 0.3 04 05 0.6 07
Probability of constraint violation ()
A=001 ———— §=005
Standard
Uncertainty set level curves
U . ol 9(x(0,9),u,5) =0
Reshaped :
Uncertainty set How can we find
g Jre . this set?

10




Our parametrization of the uncertainty set shape and size

minimize  f(x,y)

| 4 key
subjectto g(z,u,y) <0 Vu e U(0) parameters

max of /

concave

Shape and size of ellipsoidal set

Ueniip(0) = 1]|Au + bl[2 < 1}

L
0= (A,b)

Linear constraint Robust counterpart

1
g(xauay) — uTa; S O, Yu & Z/{euip(e) > —b Y T H>\H2 S 0
A\ =z 11




Enforcing probabilistic guarantee with CVaR
Target guarantee (VaR(g(...),n) <0)

—

over both
u and vy 0

Tractable apvproximation

g(...)
CVaR(g(z(0,y),u,y),n) <0 VaR éVaR
Turn into constraint Make it tight
E( ) (g(x(é’,y),u,y) IR Oé)_|_ | Oé> <0 . E (h(Z UJ)) — & = (‘9704)
Y n — w 9 T ) — (u’ y)

threshold < O



Learning the uncertainty sets using stochastic bilevel optimization

Loss
training problem

, o [y
minimize  E, |[{(z, )]

subjectto E, |h(z, CVaR constraint
\ x(0,y),u,y) —a)y .
decision random n '
variables variables
= (0, ) w = (u,y)

INnner robust problem

z(0,y) € argmin  f(z,y)
subjectto g(x,u,y) <0 YuecU(H)
13



Learning using Stochastic Augmented Lagrangian algorithm
training problem - F(z)

minimize  E,[¢(z, w)] Converges to an

subject to By [h(z,w)] = x - T solution in

~_ O((1/¢*)log(1/e))

H(z) inner iterations
augmented Lagrangian
L(z A 1) = F(2) + A(H(z) = k) + 5 (H(2) = )’

stochastic gradient computation Differentiate ’ il
@ L(Z A ,u) — nner prOblem ﬂ\ Optimization /O\

Z ) ) Optlmallty O/ Layer \‘O

conditions 0
“Differentiable Convex Optimization Layers”, A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Zico Kolter (2019) 14

“Differentiating Through a Conic Program”, A. Agrawal, S. Barratt, S. Boyd, E. Busseti, W. M. Moursi (2019)



Main idea to get finite-sample probabilistic guarantees

| | target dimension . ¢
optimality confidence of 7 number o

tolerance samples of u
\ L

Pick k(e, 5,n, N) < 0 such that

threshold constraint

E, (h(z,w)) =k Ingredients
_ - Tall bounds
implies - CVaR > VaR

Finite-sample probabilistic guarantee
p </ (P (9(z,u,y) <0)>1—n VeeX)>1-p

— it holds also for x(6, )

15
[A. van der Vaart and J.A. Wellner. Weak Convergence and Empirical Processes (1996), Thm. 2.14.9]



LROPT package (coming soon!)

It can be hard to dualize
robust optimization problems

LROPT
Q github.com/stellatogrp/lropt

minimize x'Px+q'x
subjectto wu!x <b, Yu € U(0)

U= {u|||Au + by < 1}

2.

...not to mention finding
the right uncertainty set!

Easily formulate and dualize robust
optimization problems

Automatically tune uncertainty sets
(using cvxpylayers)

X = cp.Variable(n)
u = cp.UncertainParameter(n,

uncertainty_set=lr.ELLlipsoidal( ),
data=u data)

constraints = [u @ x <= b]

objective = cp.Minumize(cp.quad_form(P, X) + g @ X)
problem = lr.RobustProblem(objective, constraints)
problem.train()



https://github.com/stellatogrp/lropt

Training effect on newsvendor example

Original and reshaped sets

Robust Reformulation -
minimize 7 \
subjectto k'x + max{—p'z, —plu} <7 VYueclUh) = A
z =0 "
family 2 > A
parameter WS
Y — (kvp) -
0 10
Uy

constraint level curves
(for fixed values )

17



Multi-period inventory management

| sale prices
transportation and stocking (family parameter)

holding costs
decisions sales
’ T

subjectto (t+h)'s —rtw(u) <7, YueclU(b)
w(u) < s, Yu € U(H)
w(u) < d+ Qu, —Yu € U(H)
17s = C \demand
D0<s<c

Two-stage adjustable
optimization v
(linear decision rules for w(w)) 244 )

L

“Pareto Efficiency in Robust Optimization” D. A. lancu, N. Trichakis (2014)



Inventory management comparisons with RO and DRO

Results on test data

stronger Method LROPT RO Wass. DRO
guaraniees Obj.  —4.477 x 10* —4.471 x 10* —4.465 x 10*
) 730 x 1072 351 x1072  2.89 x 1072
5 0 1.89 x 1071 2.00 x 1072
Time 273 x 1072 276 x 1073  4.17 x 101
faster than DRO —
Resizing sets with fixed shape
% 10
i’—f) —— Standard set
av)
; Reshaped set
= —4.45- ‘|\
Reduction s | == _—
IN constraint —4.50-

0.00 0.02 0.04 0.06 0.08 010  0.12

violation Probability of constraint violation 19



Learning Uncertainty sets in Robust Optimization

* Optimize shape and size of uncertainty sets

e Bi-level optimization formulation

* CVaR as equality constraint /\N
C\/iaR " /O\
o Differentiable optimization to compute derivatives %‘/

Optimization
Layer

%é%%

* Probabilistic guarantees

* |Improvements over RO and DRO formulations

20
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Conclusion

Machine Learning tools
can help us
formulate optimization problems

We should think Data Optimization

building robust optimization models
as an (automated)
training/validation procedure

=

’ ~—

. . E__! O https://github.com/stellatogrp/lropt y @b_stellato
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arxiv.org: 2305.,19225, 2023 W’ stellato.1io 29



https://github.com/stellatogrp/lropt
https://arxiv.org/abs/2305.19225

