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Problem family with uncertain constraints

2

optimization  
variable

uncertain 
parameter 
(unknown)

We want to guarantee 
constraint satisfaction

<latexit sha1_base64="T1AFV6gkCD0pGDb/RqvcyhHIhQE="></latexit>

y

family/context 
parameter 
(known) <latexit sha1_base64="bhYOmiUFHt1zk+4fzd/8YQJ3Xko="></latexit>minimize f(x, y)

subject to g(x, u, y) ≤ 0

Example  
Inventory Management

<latexit sha1_base64="MMLMD+fRlgpUGdm0mlswob9vt6I="></latexit>• y: inventory levels

• u: uncertain demands

• x: order decisions



Robust optimization recipe

3

<latexit sha1_base64="I/5QWYkLVcxfUhzPqu7ktrjv11A="></latexit>1. Pick uncertainty set U
2. Ensure constraint satisfaction ∀u ∈ U

How do we pick the uncertainty set?

<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

<latexit sha1_base64="SN0Q8pXqusOu2/6MDK0YTbI8/M8="></latexit>minimize f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U



Picking the uncertainty set is difficult

4

Worst-case approach
<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

support

❌ Very conservative

“Probabilistic Guarantees in Robust Optimization”, D. Bertsimas, D. den Hertog, and J. Pauphilet (2019)

Probabilistic approach

❌
<latexit sha1_base64="ZMFNDL1XQNT/6t1JLmewCF/OuZc="></latexit>nobody knows P

<latexit sha1_base64="CvfmaLtIOCHMpz9a1QGGkMLgq/I="></latexit>

U

<latexit sha1_base64="4GCe39QrLOcaFd4uZ5RsfO859Ew="></latexit>

P

Data-driven approach

Can we use data 
to construct 

uncertainty sets?



Data-driven methods for Robust Optimization

5

D. Bertsimas, V. Gupta, 

and N. Kallus (2014)

Hypothesis testing

L. Jeff Hong, Z. Huang, 

and H. Lam (2021)

Quantile  
Estimation

P. M. Esfahani and D. Kuhn. (2018).

Wasserstein Distributionally 
Robust Optimization

I. Wang, C. Becker, B. Van Parys, and 

B. Stellato (2022)

D. Bertsimas, S. Shtern, B. Sturt (2022)

Deep Learning

M. Goerigk, J. Kurtz (2023)

Most approaches decouple

Uncertainty 
set construction

Downstream 

optimization task

high coverage 
requirement

<latexit sha1_base64="uyGMBpAJnJkOSKq2seksup/hwpM="></latexit>

P(u ∈ U) ≥ 1− ε



Leveraging solution structure to choose uncertainty sets

6

Optimization Layer

Main idea

Use differentiable optimization  
to automatically learn  

shape and size

<latexit sha1_base64="3bxFFPF89gusic9s6qmG/4YTsco="></latexit>argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="T1AFV6gkCD0pGDb/RqvcyhHIhQE="></latexit>

y
<latexit sha1_base64="TFCVVKYK8ixutqIveKz4cpLIPiY="></latexit>

x(θ, y)



Connections with Contextual Optimization
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“A Survey of Contextual Optimization Methods for Decision Making under Uncertainty”,  

U. Sadana, A. Chenreddy, E. Delage, A. Forel, E. Frejinger, T. Vidal (2023)

Contextual Optimization

[D. Bertsimas and N. Kallus (2020)], [Elmachtoub and Grigas (2022)], 

[H. Rahimian, B. Pagnoncelli (2022)] Differences from our work
<latexit sha1_base64="UK3dq9UzS0sOrtkha0edK6Fwuls="></latexit>• Distribution/uncertainty set

depends on y

• High coverage requirements
P(u ∈ U(y)) ≥ 1− ✏

• Limited focus on uncertain constraints

Conditional Robust Optimization

[A.R. Chenreddy, N. Bandi, E. Delage (2022)], [S. Ohmori (2021)], 

[E. Persak, M. F. Anjos (2023)], [C.Sun, L. Liu, X. Li (2023)]

<latexit sha1_base64="8cyKAoUBjbnCenWBdWPSmTHsOL0="></latexit>

x(y) ∈ argmin
x

max
u∈U(y)

f(x, u)

<latexit sha1_base64="8bSxD7zzGUjNBuiKtizJNf+xo1g="></latexit>

x(y) ∈ argmin
x

EP(u|y)(f(x, u))



Example: newsvendor problem

8

Objective

orders

order price sell price

Robust Reformulation
<latexit sha1_base64="QI9PmA4JGJJIh+FbxWg9oNlPRo8="></latexit>minimize τ

subject to kTx+max{−pTx,−pTu} ≤ τ ∀u ∈ U(θ)

x ≥ 0

how do we pick 
the uncertainty set?

uncertain 
demand

<latexit sha1_base64="KxZC5OIu22NEvqgJerAqy+fr6Y0="></latexit>

log u ∼ N (µ,Σ)

<latexit sha1_base64="SxIyoHNV5xmhwKYfm3uzNuOvKHg="></latexit>

kTx− pT min(x, u)

family  
parameter

<latexit sha1_base64="/UTcZjCsKgoM+ZbOSJf4sDYMImc="></latexit>

y = (k, p)

“photo of a newsvendor cat” Dall-E



Standard vs reshaped uncertainty set for newsvendor

9

Standard uncertainty set

empirical  
mean and covariance

How do we pick the shape and size?

Can the reshaped set be better?

Reshaped uncertainty set
<latexit sha1_base64="6lCCVns1n1KO8uH1Z1WQzO2TCUE="></latexit>

U re(θ) = {‖Are
u+ b

re‖2 ≤ ρ}

<latexit sha1_base64="bJ8bSAgQ4+CqRGDO5Fdnr3afFj0="></latexit>

θ = (A, b)

<latexit sha1_base64="64iLM1c36g5HLBw686zkpQGVrsw="></latexit>

U st(θ) = {µ̂+ Σ̂
1/2u | ‖u‖2 ≤ ρ} = {u | ‖Astu+ bst‖2 ≤ ρ},

Parameters



Reshaped set does not have high coverage…  
                                                                          …but performs much better!
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Pareto 

curves for  
varying size

<latexit sha1_base64="KSYR15p/3ZRHFQMhyijQBsQqcFg="></latexit>
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Uncertainty set

<latexit sha1_base64="GZ8U4mXDeLGm/shOmMYZhqn19mk="></latexit>

U
st

Reshaped  
Uncertainty set

<latexit sha1_base64="92VAh60VQboqOqoRg5UfXJcqgsg="></latexit>

U
re

level curves
<latexit sha1_base64="hDw95z4yD3ivzEkuMoIO1xnqjU8="></latexit>

g(x(θ, ȳ), u, ȳ) = 0

How can we find  
this set?



Our parametrization of the uncertainty set shape and size
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key 
parameters

Linear constraint
<latexit sha1_base64="qNjaJ4CFqsR0EmV97xZpQ9k8ouI="></latexit>

g(x, u, y) = u
T
x ≤ 0, ∀u ∈ Uellip(θ)

<latexit sha1_base64="ZKESdfw1xgbMdiVgdaW39kGqdic="></latexit>

θ = (A, b)

Robust counterpart
<latexit sha1_base64="dXriRcaZwC3HwnQvw0rl2v80KdE="></latexit>

�bT y + kλk2  0

AT
λ = x

Shape and size of ellipsoidal set

<latexit sha1_base64="m8xWNVtqS259O8XqZ7RjsJABirA="></latexit>

Uellip(θ) = {‖Au+ b‖2 ≤ 1}

max of  
concave

<latexit sha1_base64="bOFJCwyYLQn62nZ90FcpSVDMhw8="></latexit>minimize f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)



Enforcing probabilistic guarantee with CVaR
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Turn into constraint
<latexit sha1_base64="Swg8P2sieKy0s6sFjsgzsPLvM7A="></latexit>

E(u,y)

(

g(x(θ, y), u, y)− α)+
η

+ α

)

≤ 0

Make it tight

<latexit sha1_base64="ZSRD82uEQ4fGzszjx/Dvi2OREbw="></latexit>

w = (u, y)

<latexit sha1_base64="mgCf7emMOnvGM0ZF5SL3vE6LFtM="></latexit>

z = (θ,α)<latexit sha1_base64="8kwv/0fMpn6f1rTvgPZooi9Zcjk="></latexit>

Ew (h(z, w)) = κ

threshold < 0

<latexit sha1_base64="eer+Bj1BuSkSq+8AznIY453UjCI="></latexit>

P(u,y)(g(x(θ, y), u, y) ≤ 0) ≥ 1− η

Target guarantee

over both
<latexit sha1_base64="qWebiDzbOiRbzQqyHvG/D95PEIM="></latexit>

u and y

<latexit sha1_base64="TVZ2rKPrAI9rDKPTcGY49rUC8gY="></latexit>

CVaR(g(x(θ, y), u, y), η) ≤ 0

Tractable approximation 

<latexit sha1_base64="v3kjZD0kOtOMm8y7zRVEJ5uxu6s="></latexit>

VaR

<latexit sha1_base64="EeZlltSuBnZdS0ZFqxtcF6dLs+Q="></latexit>

η

<latexit sha1_base64="S5lLXhMLPJvox5lXfFsuDRdaepE="></latexit>

g(. . . )
<latexit sha1_base64="4m+0qQwQ/BXs6n2B8bJPdXlTIbg="></latexit>

CVaR

<latexit sha1_base64="sR+6rzNLIbuZTdvKVCt7BOkFMpA="></latexit>

(VaR(g(. . . ), η) ≤ 0)



Learning the uncertainty sets using stochastic bilevel optimization
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Loss

CVaR constraint

<latexit sha1_base64="HylSeI2+IEfB5EYw7gzMeHii94Q="></latexit>

f(x(θ, y), y)

<latexit sha1_base64="Ei7otoA+TVjMOAiNresZEU0X1z4="></latexit>

(g(x(θ, y), u, y)− α)+
η

+ α

<latexit sha1_base64="ZSRD82uEQ4fGzszjx/Dvi2OREbw="></latexit>

w = (u, y)
<latexit sha1_base64="mgCf7emMOnvGM0ZF5SL3vE6LFtM="></latexit>

z = (θ,α)

decision 
variables

random  

variables

training problem

inner robust problem 
<latexit sha1_base64="vA6/4x7sVtsXHV2Vu2Fi/GdfhVc="></latexit>

x(θ, y) ∈ argmin f(x, y)

subject to g(x, u, y) ≤ 0 ∀u ∈ U(θ)

<latexit sha1_base64="n4plcx9txsF1T+5zSRH0QczaG+s="></latexit>minimize Ew[ℓ(z, w)]

subject to Ew[h(z, w)] = κ



Learning using Stochastic Augmented Lagrangian algorithm

14

training problem

<latexit sha1_base64="XlSSPMffSI2ca06aWBQG1xK9V/k="></latexit>

H(z)

<latexit sha1_base64="rBMkOcMqD1fJXii4fGP+dsGgtVw="></latexit>

F (z)

stochastic gradient computation
<latexit sha1_base64="OPZo1GACCnEUOXMwlDSew+AEhE8="></latexit>

∇̂zL(z,λ, µ)

Differentiate  
inner problem  

optimality  
conditions

Optimization  
Layer

<latexit sha1_base64="ZtEJ8zN2EJRuy9GNk7bJdHUw15k="></latexit>

y
<latexit sha1_base64="I0jbhguKLHx4lijDkwY814Ub1iU="></latexit>

x(θ, y)

<latexit sha1_base64="KTojvMMhJnV6qm13+45MvybiCLI="></latexit>

θ

“Differentiable Convex Optimization Layers”, A. Agrawal, B. Amos, S. Barratt, S. Boyd, S. Diamond, and J. Zico Kolter (2019)

“Differentiating Through a Conic Program”, A. Agrawal, S. Barratt, S. Boyd, E. Busseti, W. M. Moursi (2019)

<latexit sha1_base64="n4plcx9txsF1T+5zSRH0QczaG+s="></latexit>minimize Ew[ℓ(z, w)]

subject to Ew[h(z, w)] = κ

augmented Lagrangian
<latexit sha1_base64="kEOMPCV9svisknHFEj5+1Lr6oxk="></latexit>

L(z,λ, µ) = F (z) + λ(H(z)− κ) +
µ

2
(H(z)− κ)

2

Converges to an

<latexit sha1_base64="gwB9rPwBN0eHc3rO48eStKq/uvg="></latexit>

O((1/ε3) log(1/ε))

<latexit sha1_base64="ZFAVcKKU7nc2LDeNxXPGGGVBdoI="></latexit>

✏-KKT solution in

inner iterations



Main idea to get finite-sample probabilistic guarantees

15

optimality  
tolerance

target 
confidence

<latexit sha1_base64="8kwv/0fMpn6f1rTvgPZooi9Zcjk="></latexit>

Ew (h(z, w)) = κ

threshold constraint

Finite-sample probabilistic guarantee

Implies

Ingredients
<latexit sha1_base64="07db1mGTESdN+Ejk0rrQrTKnXd4="></latexit>• Tail bounds
• CVaR ≥ VaR

<latexit sha1_base64="Y1rz/cFxBUJJwn8rgIjiJIOsh7M="></latexit>

P
N×J

(

P(u,y)(g(x, u, y) ≤ 0) ≥ 1− η ∀x ∈ X
)

≥ 1− β

<latexit sha1_base64="Ku0Yil+Imh4U8/BBDBOsn/enRos="></latexit> number of
samples of u

[A. van der Vaart and J.A. Wellner. Weak Convergence and Empirical Processes (1996), Thm. 2.14.9]

<latexit sha1_base64="xZTyW6jDeSV2MqsEARwZkEbP7IE="></latexit>Pick k(✏,�, n,N) < 0 such that

<latexit sha1_base64="Q4EAIgOL6fNITMY3SkAN1O2aiOk="></latexit>dimension
of x

<latexit sha1_base64="KFCtEbKLiYui4GSV05D3ZMtRXxQ="></latexit>

⇒ it holds also for x(θ, y)



LROPT package (coming soon!)

16

It can be hard to dualize 
robust optimization problems

…not to mention finding 
the right uncertainty set!

<latexit sha1_base64="JNtqvcj6milbde9NrCnEEXc2mhE="></latexit>

minimize xTPx+ qTx

subject to uTx ≤ b, ∀u ∈ U(θ)

<latexit sha1_base64="3MBqitdHKATRtgBpImANf1V51/I="></latexit>

U = {u | kAu+ bk2  1}

1. Easily formulate and dualize robust 
optimization problems


2. Automatically tune uncertainty sets 
(using cvxpylayers)

github.com/stellatogrp/lropt

LROPT

https://github.com/stellatogrp/lropt


Training effect on newsvendor example

17

Robust Reformulation

<latexit sha1_base64="QI9PmA4JGJJIh+FbxWg9oNlPRo8="></latexit>minimize τ

subject to kTx+max{−pTx,−pTu} ≤ τ ∀u ∈ U(θ)

x ≥ 0
family  

parameter
<latexit sha1_base64="/UTcZjCsKgoM+ZbOSJf4sDYMImc="></latexit>

y = (k, p)

constraint level curves
<latexit sha1_base64="P4PNbrkfNTVr8qC0naABcS+AzbI="></latexit>(for fixed values ȳ)

<latexit sha1_base64="vhrYJVtm1dorXIBXsnsrpIutHZA="></latexit>

u1

<latexit sha1_base64="2VyNN5FwLxuK9rfo5XXKu1o8+lA="></latexit> u
2



Multi-period inventory management

18“Pareto Efficiency in Robust Optimization” D. A. Iancu, N. Trichakis (2014)

stocking 
decisions

transportation and 
holding costs

sales 
decisions

Two-stage adjustable 
optimization

<latexit sha1_base64="4/7EjiglAj6HhhiiGDdNm2qtiYY="></latexit>(linear decision rules for w(u))

sale prices 
(family parameter)

demand

<latexit sha1_base64="k5MRnTwVZJIZXTdJsHNUdA8w6wk="></latexit>minimize τ

subject to (t+ h)T s− rTw(u) ≤ τ, ∀u ∈ U(θ)

w(u) ≤ s, ∀u ∈ U(θ)

w(u) ≤ d̄+Qu, ∀u ∈ U(θ)

1
T s = C

0 ≤ s ≤ c



Inventory management comparisons with RO and DRO

19
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Reshaped set

Resizing sets with fixed shape

Reduction 
in constraint 

violation 

Method LROPT

Obj. −4.477× 104

η̂ 7.30× 10−3

β̂ 0 1

Time 2.73× 10−3

RO Wass. DRO

−4.471× 104 −4.465× 104

3.51× 10−2 2.89× 10−2

1.89× 10−1 2.00× 10−2

2.76× 10−3 4.17× 10−1

stronger  
guarantees

faster than DRO

Results on test data



Learning Uncertainty sets in Robust Optimization

20

• Optimize shape and size of uncertainty sets


 

• Bi-level optimization formulation


• CVaR as equality constraint


• Differentiable optimization to compute derivatives


• Probabilistic guarantees 
 

• Improvements over RO and DRO formulations 

<latexit sha1_base64="EeZlltSuBnZdS0ZFqxtcF6dLs+Q="></latexit>

η

<latexit sha1_base64="4m+0qQwQ/BXs6n2B8bJPdXlTIbg="></latexit>

CVaR

Optimization  
Layer
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Conclusion

22

We should think  
building robust optimization models  

as an (automated)  
training/validation procedure

Data Optimization

bstellato@princeton.edu

@b_stellato

stellato.io

Learning for Robust Optimization 
I. Wang, C. Becker, B. Van Parys, and B. Stellato  
arxiv.org: 2305.19225, 2023

https://github.com/stellatogrp/lropt

Machine Learning tools 
can help us 

formulate optimization problems 

https://github.com/stellatogrp/lropt
https://arxiv.org/abs/2305.19225

