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Data-Driven Embedded Optimization for Control



Tremendous progress in optimization
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Top500 peak CPU power

[Our World in Data, https://github.com/owid/owid-datasets]
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400,000 years 30 seconds

Robotics

< 10 milliseconds

High-Frequency Trading

< 1 millisecond



Same problem with varying data
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TPUPTPaL f(x, ✓)

Z\IQLJ[ [V g(x, ✓)  0

decisions

data

Can we solve it in milliseconds or microseconds?



Challenges in real-time optimization

5

Hardware
Real-Time Limited resources



Challenges in real-time optimization

5

Hardware
Real-Time Limited resources

Reliability Easy  
tuning

Software



Today’s talk
Data-Driven Embedded Optimization for Control
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Still quadratic programming?
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March 1956!
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Pros

Warm-starting

Large-scale 
problems

Embeddable

Cons

Low quality 
solutions

Can’t detect 
infeasibility

Problem data 
dependent

High-quality 
solutions

Detects 
infeasibility

Robust

OSQP
Wide popularity



The problem
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ADMM
Alternating Direction Method of Multipliers
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How do we split the QP?
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Step sizes
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� > 0

⇢ > 0



ADMM iterations
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Solving the inner QP
Equality-constrained
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Solving the linear system
Direct method (small to medium scale)
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>LSS�KLÄULK
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MHJ[VYPaH[PVU
Factorization 

caching

QDLDL 
Free quasi-definite  

linear system solver 
[https://github.com/oxfordcontrol/qdldl]
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<latexit sha1_base64="BHFiRA21gc3X9VsYHitB29+uN4U="></latexit>(
P + σI + ρATA

)
x = σxk − q +AT (ρzk − yk)Positive-definite 

matrix

Conjugate  
gradient

Solve very 
large 

systems

GPU 
implementation

[https://github.com/oxfordcontrol/cuosqp]



Computing the projection

17
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Π(v) = max(min(v, u), l)

Box projection
<latexit sha1_base64="2hi0v9tFwxq2eVLLa3IT0dfFGjM="></latexit>

Π(v)
<latexit sha1_base64="3/hK1apShuPWDbCzFJIyTOeqAVo="></latexit>v
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Easy 
operations
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Code generation
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� $SFBUF 0421 PCKFD U
N � PTRQ �0421	 
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N� TFUVQ 	1 
 R 
 "
 M 
 V 
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� (FOFSBUF $ DPEF
N� DPEFHFO 	 � GPMEFS@OBNF � 


Optimized C code

Embedded 
Hardware

It can be compiled into division-free



Compiled code size ~80kb (low footprint)
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GUROBI

CPLEX

OSQP

300x 
Reduction!



How do we ensure fast convergence?
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Primal residual

Dual residual
<latexit sha1_base64="E36mBzw11LKWGiuM9YgyW13x468="></latexit>
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Small dual residual

<latexit sha1_base64="uAjX6UiUQeqvAO2QRZIt55Xu3kg="></latexit>

ρ = 0

<latexit sha1_base64="4ilRgnjhn7sqK+AFhlT2vjI6IoE="></latexit>

>OH[»Z [OL VW[PTHS ⇢&
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<latexit sha1_base64="cplGXvn2u6euo6I60ZSiRNlk2XY="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax = b

Solve in one ADMM step
<latexit sha1_base64="IFBlsT1q2noCHngj+6fYIQMwsUA="></latexit>⇢ ⇡ 1

<latexit sha1_base64="ay/MYAO9AA2lmSOsir3VD+Y55mE="></latexit>[
P AT

A 0

][
x

ν

]
=

[
−q

b

]
Equality constrained QP
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Unconstrained QP
<latexit sha1_base64="NWuELabsd6gK6qhMyTjyAzZNz+U="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Solve in one ADMM step

<latexit sha1_base64="Kmgcwy3UKe+nJY6FGVQ5TFHkdyw="></latexit>

Px = −q

<latexit sha1_base64="IaVzNpRGSUs34KDAeRMO0T+GueA="></latexit>

⇢ ⇡ 0
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<latexit sha1_base64="cplGXvn2u6euo6I60ZSiRNlk2XY="></latexit>
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Unconstrained QP
<latexit sha1_base64="NWuELabsd6gK6qhMyTjyAzZNz+U="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Solve in one ADMM step

<latexit sha1_base64="Kmgcwy3UKe+nJY6FGVQ5TFHkdyw="></latexit>

Px = −q

<latexit sha1_base64="IaVzNpRGSUs34KDAeRMO0T+GueA="></latexit>

⇢ ⇡ 0

We need different step sizes



Constraint-wise step size
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<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V l  Ax  u

Tight constraints
<latexit sha1_base64="xVCGNy7w9j88gkF3CMxH1qr9shM="></latexit>

li = (Ax?)i VY (Ax?)i = ui
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TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V l  Ax  u

Tight constraints
<latexit sha1_base64="xVCGNy7w9j88gkF3CMxH1qr9shM="></latexit>

li = (Ax?)i VY (Ax?)i = ui

<latexit sha1_base64="m8EMu4Zp4yzpYtoBN/bpOoFhEe0="></latexit>

⇢ = (⇢1, . . . , ⇢m) JHU IL H ]LJ[VY
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<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>
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<latexit sha1_base64="V0jUwXYcU0QsArd3AyJ62I0jbxA="></latexit>
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<latexit sha1_base64="bPJRP6120Ee+yJernhRZW7ocojs="></latexit>

li = �1 HUK ui = 1

<latexit sha1_base64="m8EMu4Zp4yzpYtoBN/bpOoFhEe0="></latexit>
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<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>
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<latexit sha1_base64="FSfT4JCX4N9fXQ8zkrvurtGqawU="></latexit>

li = ui != ∞

<latexit sha1_base64="m8EMu4Zp4yzpYtoBN/bpOoFhEe0="></latexit>

⇢ = (⇢1, . . . , ⇢m) JHU IL H ]LJ[VY
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<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>
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li VY ui ÄUP[L

Balance residuals
<latexit sha1_base64="7GFbH9DhMHVBwOJPHYxGuSPskzU="></latexit>

ρk+1
i ← ρki

√
‖rprim‖/‖rdual‖

<latexit sha1_base64="V0jUwXYcU0QsArd3AyJ62I0jbxA="></latexit>
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<latexit sha1_base64="m8EMu4Zp4yzpYtoBN/bpOoFhEe0="></latexit>

⇢ = (⇢1, . . . , ⇢m) JHU IL H ]LJ[VY
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Users
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More than 7 million downloads!

[pepy.tech/project/osqp]



Performance benchmarks
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<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V l  Ax  u

Tight constraints
<latexit sha1_base64="xVCGNy7w9j88gkF3CMxH1qr9shM="></latexit>

li = (Ax?)i VY (Ax?)i = ui

Otherwise

Balance residuals
<latexit sha1_base64="7GFbH9DhMHVBwOJPHYxGuSPskzU="></latexit>

ρk+1
i ← ρki

√
‖rprim‖/‖rdual‖

<latexit sha1_base64="V0jUwXYcU0QsArd3AyJ62I0jbxA="></latexit>

⇢i = 0

Never tight
<latexit sha1_base64="bPJRP6120Ee+yJernhRZW7ocojs="></latexit>

li = �1 HUK ui = 1

<latexit sha1_base64="u6u+rxPU6nE0f9Z2dMxeYFCC63c="></latexit>ρi = ∞

Always tight
<latexit sha1_base64="FSfT4JCX4N9fXQ8zkrvurtGqawU="></latexit>

li = ui != ∞

<latexit sha1_base64="ti0JWnoRu7eWPlTIo+dpsK1GHDc="></latexit>

⇢ = (⇢1, . . . , ⇢m)
Vector step size



Constraint-wise step size
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Can we learn a 
better update rule 

from data?

<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>
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Always tight
<latexit sha1_base64="FSfT4JCX4N9fXQ8zkrvurtGqawU="></latexit>

li = ui != ∞

<latexit sha1_base64="ti0JWnoRu7eWPlTIo+dpsK1GHDc="></latexit>

⇢ = (⇢1, . . . , ⇢m)
Vector step size



Step size choice as a control problem
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Stage cost Cumulative cost 
<latexit sha1_base64="zH29gbMzVP/gZ0BC5U6cGkCyvYk="></latexit>

!(s) =

{
1 PM UV[ JVU]LYNLK
0 PM JVU]LYNLK

<latexit sha1_base64="YB2Kc3VQh8h7FpEsE3/Gb9LJz5c="></latexit>

J = E
∞∑

k=1

γk"(sk)

Dynamics

controller
Dynamics

algorithm
<latexit sha1_base64="HLfbk4nN6Uo4BEhskTAvG1JP7ss="></latexit>

ρk
<latexit sha1_base64="hGndA2Nd58TLtflR/frnlXtg6bQ="></latexit>

ρ = φ(s)

<latexit sha1_base64="XAKuBfYxYuRiMnbi9MYQRIjICdU="></latexit>

sk+1
<latexit sha1_base64="OJD0WhFWpOiqr1wU4wuIbCdse9U="></latexit>

sk = (xk, zk, yk)
<latexit sha1_base64="9/EaGOdDZ7VMVVPoqt/HddOzVO8="></latexit>

sk+1 = ADMMρ(s
k)
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Deep Policy Gradient methods (TD3)
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<latexit sha1_base64="4+1nr4tfmVb++aCmqLhUY/QIeMs="></latexit>

φ(s) =





φc(s1)

φc(s2)
���

φc(sm)





Per-constraint update rule
<latexit sha1_base64="tMSmxscI+STAQStPbZTD4e4lkPU="></latexit>

ρi = φc(si)
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<latexit sha1_base64="4+1nr4tfmVb++aCmqLhUY/QIeMs="></latexit>

φ(s) =





φc(s1)

φc(s2)
���

φc(sm)





Per-constraint update rule
<latexit sha1_base64="tMSmxscI+STAQStPbZTD4e4lkPU="></latexit>

ρi = φc(si)

<latexit sha1_base64="f3/rrlAab2+QBI3v5QFeYtUs5ew="></latexit>

si =




min(zi − li, ui − zi)

(Ax)i − zi
yi





Per-constraint state
slacks
infeasibility
dual variable

Generalize to 
different 

dimensions

Low-dimensional 
state per 
constraint

Small NN 
policy          

        
<latexit sha1_base64="+oasHuNxaR8FS1VENk703KvSsXE="></latexit>

�c(si)



Visualize learned policy
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<latexit sha1_base64="PcA9bke5+C0c39XXfnElLJBVUU8="></latexit>⇢i

<latexit sha1_base64="KGyzDvGaAbmwMyN3vrcDjo68/8g="></latexit>yi
<latexit sha1_base64="kvU/YNV0kQt9bvt5PfJVczYB6tg="></latexit>

zi = Axi

<latexit sha1_base64="Uu5iYjPAGlmYuM3otIIf4LS2b3g="></latexit>

/PNO Z[LW ZPaL ⇢i
^OLU ^L YLHJO IV\UKZ

zi ⇡ li HUK zi ⇡ ui�

Interpretable policy
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Embeddable 
(can be division free!)

Supports  
warm-starting

Detects 
infeasibility

Can improve with 
data

Robust

• Faster convergence

• Very low overhead

• Interpretable policy

Integrate RL and ADMM to dynamically 
tune parameters

Learning for OSQP

Features



OSQP 1.0 (this summer!)
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Improved embedded  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• Code generation in C

• CVXPY integration
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Differentiable layers

Improved embedded  
code generation
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� (FOFSBUF $ DPEF
N� DPEFHFO 	 � GPMEFS@OBNF � 


Embedded 
Hardware

• Code generation in C

• CVXPY integration

Modular  
linear algebra

Math Kernel Library (MKL)
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Control loop
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dynamics

Dynamics
<latexit sha1_base64="EncbyA8dkeueZlUJIa1M8DtCaMI="></latexit>

xt+1 = f(xt, ut, wt)

controller

Dynamics
<latexit sha1_base64="KMWLHn8oyim2jrFo+LDz774YNWQ="></latexit>

ut = φ(xt)
<latexit sha1_base64="Bqb/Is8nnj6izX3WQj4LEr2CjN0="></latexit>ut

<latexit sha1_base64="EK1lfWE3cfBiGmczKivFVZVXA40="></latexit>xt
<latexit sha1_base64="c73nre8DYzzA0y/hQBhnKWzpn6I="></latexit>xt+1

<latexit sha1_base64="muwV+e9QgAwFVVQpW+ODf5l86D4="></latexit>

xt Z[H[L
ut PUW\[
wt �YHUKVT� KPZ[\YIHUJL

<latexit sha1_base64="ikoBesbykfpaKTE4VgXWdjqoGzs="></latexit>

�(xt) JVU[YVS WVSPJ`
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Explicit
Complete control specification

Example: PI Controller
<latexit sha1_base64="tmkRbeTacLVdXZ8m2BUoL2NHPrI="></latexit>

ut = �KP et �KI

tX

⌧=0

e⌧



Explicit vs implicit control policies
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Explicit
Complete control specification

Implicit (optimization-based)
Designer specifies 
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• Resource allocation

• Portfolio trading
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Examples
• Linear Quadratic Regulator (LQR)

• Model predictive control (MPC)

• Actuator allocation

• Resource allocation

• Portfolio trading

Advantages

Interpretable Satisfy 
constraints

Efficient and reliable 
(even division-free: OSQP)

Handle varying 
dynamics
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Goal
<latexit sha1_base64="U1JQaD/jtth3LyEhF8lKwJVSj6E="></latexit>

TPUPTPaL J(θ)
Nonconvex 
and difficult  
to solve

Traditional approaches
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Learning scheme
Auto-tuning

43

Stochastic gradient descent
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k)

step size



Learning scheme
Auto-tuning

43

Stochastic gradient descent
<latexit sha1_base64="ids40Hjb4vrN2EzhpR/0et3m32o="></latexit>

θk+1 = θk − tk∇θĴ(θ
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Learning scheme
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Stochastic gradient descent
<latexit sha1_base64="ids40Hjb4vrN2EzhpR/0et3m32o="></latexit>

θk+1 = θk − tk∇θĴ(θ
k)

stochastic gradient  
from simulation

step size

Split simulation data in 
training, validation and testing

Generalization
Still get a descent direction 
(common in NN community)
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Implementation

44

Automatic differentiation

• Build computation graph (simulate)

• Backpropagate using PyTorch

Dynamics
Dynamic

s

<latexit sha1_base64="Bqb/Is8nnj6izX3WQj4LEr2CjN0="></latexit>ut
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φθ(xt)



Implementation

44

CVXPYLayers
Backpropagate through COCPs 

(differentiate KKT optimality conditions)
[https://github.com/cvxgrp/cvxpylayers/]
[Differentiable convex optimization layers. Agrawal, Amos, Barratt, Boyd, Diamond, and Kolter. NeurIPS 2019]
[Differentiable optimization-based modeling for machine learning. Amos. PhD thesis 2019]

Automatic differentiation

• Build computation graph (simulate)

• Backpropagate using PyTorch

Dynamics
Dynamic

s
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Box-constrained LQR
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Problem setup
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Box-constrained LQR

46

Performance
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iteration
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st

COCP

upper bound

lower bound

Standard  
upper/lower bounds 

from SDPs

Hard to generalize 
(other dynamics, 
disturbances, etc)
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true and desired 
velocities
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path
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1/κ
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L
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0UW\[! ut = (at, zt)

acceleration

Dynamics
<latexit sha1_base64="nmQcs6G+4h8mh407avSdVhQJ4Ug="></latexit>

xt+1 = f(xt, ut, wt)

lateral deviation heading deviation
path curvature

<latexit sha1_base64="g3Mdr0DvG75YltVJEQeXn1J3bzM="></latexit>

zt = tan(δt)− Lκt
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Stage cost
<latexit sha1_base64="vjC1SYI2KPgTIFvMmEIT9DBKIFY="></latexit>

(vt − vdest )2 +∆s2t +∆ψ2
t + λ(|at|+ z2t )
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Stage costtrack velocity
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Stage costtrack velocity

track path
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Stage costtrack velocity

track path

small control  
effort
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Stage costtrack velocity

track path

small control  
effort

Constraints

<latexit sha1_base64="xf8gtZBk73ecc/6/JzyEjSY5zOM="></latexit>

|at| ≤ amax
<latexit sha1_base64="kk03JKKO34zU/rZbkggiwAJRSJY="></latexit>

|z + Lκt| ≤ tan(δmax)

maximum  
acceleration

maximum  
turn

<latexit sha1_base64="vjC1SYI2KPgTIFvMmEIT9DBKIFY="></latexit>

(vt − vdest )2 +∆s2t +∆ψ2
t + λ(|at|+ z2t )
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ut = (at, zt) = φ(xt) = HYNTPU
u

|a|+ z2 + ‖Sy‖22 + qT y

Z\IQLJ[ [V xt = (∆st,∆ψt, vt, vdest ,κt)

u = (a, z)

y = f(xt, u, 0)

|a| ≤ amax

|z + Lκt| ≤ tan(δmax)
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parameters
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u = (a, z)

y = f(xt, u, 0)
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|z + Lκt| ≤ tan(δmax)

next state
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Interpretable

Future work
• Hybrid (mixed-integer) control policies

• Integrate tuning and deployment with  

code generation (e.g., OSQP)

• Stochastic policies with safety-guarantees

Satisfy 
constraints

Handle  varying 
dynamics

Efficient and reliable 
(even division-free: OSQP)

Easy to tune 
from data
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