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Tremendous progress Iin optimization
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[Our World in Data, https://github.com/owid/owid-datasets] 2
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Is it enough?

Robotics

< 10 milliseconds




Is it enough?

Robotics High-Frequency Trading

< 10 milliseconds < 1 millisecona



Same problem with varying data
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subjectto g(x,0) <0
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Same problem with varying data

data
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minimize  f(z,0)
subjectto g(x,0) <0

|

decisions

Can we solve it in milliseconds or microseconds?



Challenges in real-time optimization

Extreme reliability
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Real-Time High performance
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Today’s talk

Real-time Decision-Making via Data-Driven Optimization
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Still quadratic programming?

AN ALGORITHM FOR QUADRATIC PROGRAMMING

Marguerite Frank and Philip Wolfel

Princeton University

A finite iteration method for calculating the solution of quadratic
programming problems is described. Extensions to more general non=-

linear problems are suggested,

1, INTRODUCTION
The problem of maximizing a concave quadratic function whose variables are subject to

linear inequality constraints has been the subject of several recent studies, from both the com-
putational side and the theoretical (see Bibliography). Our aim here has been to develop a
method for solving this non-linear programming problem which should be particularly well
adapted to high-speed machine computation,

March 1956!
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First-order methods
Wide popularity

Pros

Warm-starting

Large-scale
problems
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The problem

minimize  (1/2)z2' Pz + ¢’ x
subjectto Ax €C
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The problem

minimize  (1/2)z2' Pz + ¢’ x
subjectto Ax €C

Quadratic program: C = [I, u] Ar e
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ADMM

Alternating Direction Method of Multipliers
Splitting
minimize  f(z) + g(x)
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ADMM

Alternating Direction Method of Multipliers
Splitting
minimize  f(z) + g(x)

Iterations

z" « argmin (f(i) +p/2||7 — (2" - yk/p)HQ)

I

2"t < argmin (g(:c) + p/2 Hx — (" 4 yk/p)|‘2>
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How do we split the QP?
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ADMM Iiterations

(2FH1 2 argmin (1/2)2T Px + ¢z + 0/2 ||z — 2F|| + p/2 ]|z — 25 +vF /||
(x,z):Ax==2

Zk-|—1 T (2k—l—1 4 yk/p)

yk—|—1 . yk i D (2k—|—1 B Zk_|_1)
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ADMM Iiterations

Inner QP
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ADMM Iiterations

Inner QP

(2FH1 25« argmin (1/2)2T Px + ¢z + 0/2 ||z — 2F|| + p/2 ]|z — 25 + ¥ /||
(x,z):Ax==2

AL T (281 4 4% /p)  Projection onto C

yk—|—1 . yk i D (gk—|—1 B Zk_l_l)
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Solving the inner QP

Equality-constrained

minimize  (1/2)27 Pz + ¢z + 0 /2 ||z — %" + p/2 ]|z — 2% + v*/p||”
subjectto Az =z
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Solving the inner QP

Equality-constrained

minimize  (1/2)27 Pz + ¢z + 0 /2 ||z — %" + p/2 ]|z — 2% + v*/p||”
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Solving the inner QP

Equality-constrained

minimize

subjectto Az =z

Always
solvable
(robust)!

(1/2)xt Px +q¢' 2+ 0/2 Hx — kaQ + p/2 Hz — k4 yk/,OH2

Reduced KKT system

_P—I—O'I AT_

ox® —q

k 1,k

R A
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Solving the linear system

Direct method (small to medium scale)

P

L

ox’ — q
ko 1.k
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15



Solving the linear system

Direct method (small to medium scale)

Quasi-definite P+ol A" | |a oxt — g

matrix A _1r1 1y ok Lok
L d L _ i P

15



Solving the linear system

Direct method (small to medium scale)

Quasi-definite
matrix

Well-defined

LDL*
factorization

P+ol AT_

Factorization
caching
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Solving the linear system

Direct method (small to medium scale)

Quasi-definite
matrix

Well-defined

LDL*
factorization

P+ol AT_

Factorization
caching

L

k

k 1

—_

oxr —(

R A

k

QDLDL
Free quasi-definite
linear system solver

[https://github.com/osqgp/qdlidl]
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Solving the linear system

Indirect method (large scale)

(P+0l+pAtA)w=oz" —q+ AT (pz" — o)
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Solving the linear system

Indirect method (large scale)

Positive-definite T ok T, .k .k
atrix (P+ol+pA" A)x=oz" —q+ A" (pz" — y")

Coniugate Solve very GPU
jd'g , large | implementation
gra ien SyStemS [https://github.com/osqgp/cuosqgp]

16



Computing the projection

Quadratic program: C = |[I, u]

Box projection
[I(v) = max(min(v, u), ) [I(v) 4

17



Complete algorithm

Problem
minimize  (1/2)x2' Pz + ¢’ x

subjectto [ < Ax < wu

18



Complete algorithm

Problem
minimize  (1/2)x2' Pz + ¢’ x
subjectto [ < Ax < wu

Algorithm

("1, Pt « solve

i P 1 L
vak—l—l %Zk—l—(uk_l_l —yk)/p

JEHL (5k+1 n yk/p)

Sk (5k+1 B Zk+1)

Prol AT |z
A YA

k+1
k+1

oxr” — q

:Z —_— —
py

18



Complete algorithm

Linear system
solve

Problem
minimize  (1/2)z? Pz + q''z
subjectto [ < Ax < u

Algorithm

("1, Pt « solve

L P 1 L
2l<;—|—1 %Zk—l—(vk_l_l _yk>/p

R T (2k+1 n yk/p)

Sk (gk—|—1 B Zk+1)

Prol AT |z
A 171w

k+1
k+1

oxr” — q

:Z —_— —
py

18



Complete algorithm

Problem
minimize  (1/2)z? Pz + q''z

subjectto [ < Ax < u

Algorithm
Linear tem P+ol AT | [zkt1 oxk —
ear syste ("1, vt « solve . — !

solve A _ 1l |kt Sk 1,k

L P 1 L i L Py
vak;—l—l . Zk 4+ (Vk—|—1 . yk)/p
Easy k41 ~k+1 k
operations - = U (Z Y/ )

Sk (gk—|—1 B Zk+1)




Code generation with OSQP

m = osqgp .OSQP()

m.setup (P, g, A, |, u,
settings)

m.codegen( folder_name )

Optimized C code

for (iter = 1; iter <= work->settings->max_iter; iter ++) {
swap, . : . . .
e (iter = 1; iter <= work->settings->max_iter; iter ++) {
swap
Swap=or (iter = 1; iter <= work->settings->max_iter; iter ++) {
upda swap_vectors(&(work->x), &(work->x_prev));
swap_vectors(&(work->z), &(work->z_prev));
upda upda
upda update_xz_tilde(work);
upda
upda update_x(work);
upda
upda update_z(work);
#ifd
update_y(work);
if .
#ifd
if (
#ifdef CTRLC
} if (isInterrupted()) {
#end update_status(work->info, 0SQP_SIGINT);
} c_print("Solver interrupted\n");
#end endInterruptListener();
return 1;
}
#endif

It can be compiled into division-free

Embedded
Hardware

19



Compiled code size ~80kb (low footprint)

OSQP

300x
Reduction!

GUROBI

CPLEX

20



How do we ensure fast convergence?

L T - Primal residual
minimize  (1/2)z" Px 4+ q' x k. Ak Lk

’r‘ .
ot A prim -
subjectto Az =z Dual residual

sEsu Fial = P2" 4+ g+ ATy
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How do we ensure fast convergence?

Primal residual
minimize  (1/2)z? Pz + q''z Lk

| A prlm - ACB - Zk
subjectto Az =z Dual residual
| < z<u rk = Px" 4+ q+ Aly"

Linear system in indirect method
(P + pA"A) 2"t = —q + AT (p2* — ¢)

= I

AT Agh+1 — AT b Pritl = —q — AT yF

Small dual residual
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How do we ensure fast convergence?

Primal residual
minimize  (1/2)z? Pz + q''z Lk

b. A prlm - ACIZ‘ - Zk
subjectto Az ==z Dual residual
| < z<u rk = Px" 4+ q+ Aly"

Linear system in indirect method
(P + pA"A) 2"t = —q + AT (p2* — ¢)

= I

AT Agh+1 — AT b Pritl = —q — AT yF

Small dual residual

What’s the optimal p?

Small primal residual

21



Extreme cases

Solve in one ADMM step
Equality constrained QP 0~ O

minimize  (1/2)z' Pz +q¢' x P AT |2 —q
subjectto Az =10 A 0 V b
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Extreme cases

Solve in one ADMM step

Equality constrained QP p = 00
minimize  (1/2)z' Pz +q¢' x P AT| |2 B _—q_
subjectto Az =10 A 0 V b

Solve in one ADMM step

Unconstrained QP b~ 0

minimize (1/2)z! Pz + ¢’z —
Pxr = —q

We need different step sizes



Constraint-wise step size

minimize  (1/2)z" Pz + ¢’ =
subjectto | < Ax <u l; = (Az™); or (Ax™); =

Tight constraints

23



Constraint-wise step size

minimize  (1/2)z" Pz + ¢’ =
subjectto | < Ax <u l; = (Az™); or (Ax™); =

Tight constraints

p=(p1,...,pm) can be a vector
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subjectto | < Ax <u l; = (Az™); or (Ax™); =
p=(p1,...,pm) can be a vector
Never tight Always tight
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Constraint-wise step size

minimize  (1/2)27 Pz + q7x Tight constraints

subjectto [ < Ax < u l; = (Az™); or (Az™); = u,
p=(p1,...,pm) can be a vector
Never tight Always tight
l; = —o0 and u; = oo [; or u; finite l; = u; # o
pi =0 l pi = <

Balance residuals

pEL e i |/l

23



OSQP

Operator Splitting solver for Quadratic Programs Embeddable
(can be division free!)

Supports
warm-starting

Detects
Infeasibility

OSQP

. .
Get started

Solves large-scale
problems
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Users

More than 7 million downloads!
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Performance benchmarks

OSQP Benchmarks
(control, portfolio, lasso, SVM, etc.)

Maroz-Meszaros

14 BN low accuracy 14 W low accuracy
B high accuracy B high accuracy

—_
DO
—_
DO

3 10 3 10
& &
O O
o 38 o 38
@) @)
g g
3 6 3 6
% 5
4 4
| . . |
U 0sQP GUROBI MOSEK 0 0sQP GUROBI MOSEK

[github.com/osqgp/osgp_benchmarks] 260



Constraint-wise step size
minimize  (1/2)z2' Pz + ¢’ x
subjectto [ < Ax <u l; = (Az™); or (Ax™); =

Vector step size
P = (/017'°'7/0m)

Tight constraints

Never tight Otherwise Always tight
li:—ooanduf,;:oo l ZZIUZ#OQ
l Balance residuals l

pEL e i |/l
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Constraint-wise step size
minimize  (1/2)z? Pz + q''z
subjectto [ < Ax <u l; = (Az™); or (Ax™); =

Vector step size
P = (1017'°'7/0m)

Tight constraints

Never tight Otherwise Always tight
li:—ooandui:oo l ZZIUZ#OO
l Balance residuals l

pEL e i |/l

Can we learn a
better update rule
from data? 27



Step size choice as a control problem

controller algorithm
Skz _ (xkz’ kayk:) ,Ok Sk_H
p=¢(s) |——|s"Tt = ADMM ,(s")
Stage cost Cumulative cost

0(s) = 1 ?f not converged . i VE(sF)
0 If converged —1
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Step size choice as a control problem

controller . algorithm

k(o k ko k bt
S = (ZE y <2 5 Y ) P S
p=¢(s) |——|s"Tt = ADMM ,(s")
Stage cost Cumulative cost
0(s) = 1 !f not converged . Z VE(sF)
0 If converged —1

Train with
Deep Policy Gradient methods (TD3)

28



Constraint-wise control policy

Per-constraint update rule

X pi = Pc(si)

29
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Pi — ¢c(3i)

Per-constraint state

Sj

_min(zi — l@', U; — Zz’)_

(A$)Z — X3

Yi
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Constraint-wise control policy

Per-constraint update rule

Pi — ¢c(3i)

Per-constraint state

Sj

_min(zi — l@', U; — Zz’)_
(Am)z — X3
Yi

slacks
Infeasibility

| dual variable

29



Constraint-wise control policy

Per-constraint update rule

Generalize to

different
dimensions

Pi

— ¢c(3i)

Per-constraint state

Sj

_min(zz- — li, U; — Zz)
Yi

Low-dimensional
state per
constraint

slacks
Infeasibility
dual variable

Small NN

policy
¢c(3i)

29



Visualize learned policy

Interpretable policy

High step size p;
when we reach bounds
2 and Zi X U;.

30



Shifted Geometric Mean

O NWEKOULO J 0 ©

Performance with step size learning

Timings for high-accuracy convergence criteria

Gurobi
OSQP
RLQP (scalar) [EE
RLQP (vector) I

il 1

@
O[][]'O/

1m0

-

8 L A, &
&%e, lef s Oflfo]- ?

40

Ry 4y
{2
o/ 2,
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Shifted Geometric Mean

O NWEKOULO J 0 ©

Timings for high-accuracy convergence criteria

Gurobi
OSQP
RLQP (scalar) [EE
RLQP (vector) I

il 1

@
OO[I'O/

1m0

-

8 L A, &
&%e, lef s Of%/- ?

40

Ry 4y
{2
o/ 2,

Performance with step size learning

Up to 3x faster
than Gurobi

31



OSQP features

Detects

Features

Embeddable Supports
(can be division free!) warm-starting

Can improve with
infeasibility data
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OSQP features

Features

Robust Embeddable Supports
(can be division free!) warm-starting

Detects
infeasibility

Can improve with
data

Learning for optimization

Integrate RL and ADMM to dynamically

tune parameters

* Faster convergence
* \ery low overhead
* |nterpretable policy

32



OSQP 1.0 (this summer!)

Improved embedded

code generation

m = osqp .0OSQP()

m. setup (P, g, A,
settings)

m. codegen (

| )

ax_iter;
swa
swar°F (iter = 1; iter <= work->set ->max_iter; iter ++) { ‘
swafor (iter = 1; iter <= work->settings->max_iter; iter ++) {
updd swap_vectors (&(work->x), &(work->x_prev));
wap_vectors (&(work->z), &(work->z_prev)); a r wa re
p:

U updd update_x(work );
Hl upda
. rk);
rk);
) ifd
f

 Code generation from C to C
 CVXPY integration

33



OSQP 1.0 (this summer!)

Improved embedded

code generation _ _
= Differentiable layers

swaf
swafor (iter = 1; iter <= work->settings->max_iter; iter ++)
updg swap_vectors (&(work->x), &(work->x_prev))
swap_vectors(&(work->z), &(work->z_prev)); a r Wa re
m = osqp .OSQP() —
updd  update_xz_tilde(work); A " ”
updg

\

o Embedded
mpe e ‘.’"’

m.setup (P, g, A, I, u,

settings) —>

updd  update_z(work); \
Ca
#if Ll ‘
update_y(work); "o
if N Yo ’
m. codegen ( ) 7 e
’ g if [
#ifdef CTRLC
¥ if (isInterrupted()) {
#en update_status(work: ->info, 0SQP_SIGINT) ;
} c_print("Solver interrupted\n");
#end endInterruptListener();
return 1;

ﬁﬁﬁﬁﬁﬁ

 Code generation from C to C
 CVXPY integration



OSQP 1.0 (this summer!)

Improved embedded
tion

m = osqp .0OSQP()

m.setup (P, g, A, I, u,

settings)

m. codegen (

or (iter = 1; iter <= work->settings->max_iter; iter ++) {

) {

unda update_xz_tilde(work);

unda update_x(work);

update_y(work);

#ifdef CTRLC

tttttt

endInterruptListener();

Embedded
Hardware

 Code generation from C to C

CVXPY integration

Differentiable layers
oy

v, /4

&)

O PyTorch

Modular
linear algebra
1101
~ 4
NVIDIA. i

CUDA

\

Math Kernel Library (MKL)

33



Today’s talk

Real-time Decision-Making via Data-Driven Optimization

Learning
gg;s; Convex Optimization
Control Policies
Real-Time Limited resources Performance

= &
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Control loop

controller dynamics

L Ut
ut = Q) [—————>| Te11 = f(@t, ut, wi)

xr; state
U inpUt
w; (random) disturbance

¢(x;) control policy

Ltt+1

35



Explicit vs implicit control policies
Explicit
Complete control specification

36



Explicit vs implicit control policies
Explicit
Complete control specification

Example: Pl Contrcgller

Ut — —ert—K[ E €+
7=0
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Explicit vs implicit control policies

Explicit Implicit (optimization-based)
Complete control specification Designer specifies Optimizer
goal and — computes

requirements

Example: Pl Contrcgller

Ut — —ert—K[ E €+
7=0

the action
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Explicit vs implicit control policies
Implicit (optimization-based)
Designer specifies Optimizer

Explicit
Complete control specification

Example: Pl Contrcgller

Ut — —ert—K[ E €+
7=0

goal and

— computes

requirements the action

Example: LQR Controller

dynamics: x;

1:A:Ut—|—But+wt

stage cost: 2! Qz + u! Ru

36



Explicit vs implicit control policies

Explicit Implicit (optimization-based)
Complete control specification Designer specifies Optimizer
goal and — computes
requirements the action
Example: PI Contrcgller Example: LQR Controller
w = —Kper — K Z o dynamics: xr1 = Ax; + Bu; + wy

stage cost: 2! Qx + u! Ru

=0 l

u; = argminu’ Ru + (Ax; + Bu)' P(Az; + Bu)
— K.iCt

36



Convex optimization control policies (COCPs)

uy = argmin f(xe,u,0)

subjectto g(xzs,u,0) <0
A(ZEt, e)u — b(ilft, (9)

xr; state
6 parameters to tune
f, g convex functions
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Convex optimization control policies (COCPs)

uy = argmin f(xe,u,0)

subjectto g(zs,u,0) <0
A(xt, 0)u = b(x¢, 0)

xr; state
¢ parameters to tune
f, g convex functions

37



Many control policies are COCPs

Examples

 Linear Quadratic Regulator (LQR)
* Model predictive control (MPC)

* Actuator allocation

 Resource allocation

* Portfolio trading
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Many control policies are COCPs

Examples

 Linear Quadratic Regulator (LQR)
* Model predictive control (MPC)

* Actuator allocation

 Resource allocation

* Portfolio trading

Advantages

Interpretable Satlsf_y
constraints

Efficient and reliable

Handle varying

dynamics

(even division-free: OSQP)

38



Judging COCPs

Given a policy, state and input trajectories form a stochastic process
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Trajectories
X =(zo,...,T7_1,27)
U= (ug,...,ur_1)
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= (wg, ..., wWr_1)
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Trajectories Policy cost
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Judging COCPs

Given a policy, state and input trajectories form a stochastic process

Trajectories Policy cost
X =(zo,...,T7_1,27)
U= (ug,...,ur_1) — J(O)=Eyv(X,U W)
W = (wg,...,wpr_1)

Approximate J(0) from data (monte carlo simulation)

A

J (6 Zw (X, U WY

39



COCP Example: dynamic programming

Time- separable cost

XUW Zgajtutwt
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COCP Example: dynamic programming

Time- separable cost

XUW Zgajtutwt

Optimal policy as 7' — oc

P(x¢) = argminE (g(x¢, u, wy) + V(f (2, u, we)))

U
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COCP Example: dynamic programming

Time- separable cost

XUW Zgajtutwt

Optimal policy as 7' — oc
¢(xy) = argminE (g(x, u,wy) + V(f(xe, u,wy)))

Value function
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COCP Example: dynamic programming

Time- separable cost

XUW Zg CCt,Ut,wt

Optimal policy as 7' — oc

¢($t) — argmin E (g(ajta u, wt) _I_ V(f(xtv u, wt)))
) 1
Value function

COCP if
» f affine in z and u
» g convex in z and u
» V' Is convex

40



COCP Example: approximate dynamic programming

$(r) = argminE (g(as, u,wp) + V([ (1, wy))

u

41



COCP Example: approximate dynamic programming

B(r) = argminE (g e, u, wy) + V(F (w0, u,w0,)) )
Approximate
value function
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COCP Example: approximate dynamic programming

B(r) = argminE (g e, u, wy) + V(F (w0, u,w0,)) )
Approximate
value function

COCRP if

» f affine in x and u
» g convex in z and u
(even when V is not) «—— * V is convex

41



Controller tuning problem

Goal

minimize J(0)

Nonconvex
and difficult
to solve
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Controller tuning problem

Goal
o Nonconvex
minimize J(60) and difficult
to solve

Traditional approaches

- Hand-tuning (few parameters, simple dependencies)
- Derivative-free method (very slow)

42



Learning scheme

Auto-tuning Stochastic gradient descent

g+l — gk _ thQj(Qk)
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Learning scheme

Auto-tuning

Stochastic gradient descent

PR+ = ok — kv y.J(0F)
/

step size
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Auto-tuning

Learning scheme

Stochastic gradient descent

PR+l = ok — ¢tk o.J(0F)
/
step size T
stochastic gradient
from simulation
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Learning scheme

Auto-tunin
J Stochastic gradient descent

PR+l = ok — ¢tk o.J(0F)
/
step size T
stochastic gradient
from simulation

Generalization

Split simulation data in
training, validation and testing
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Learning scheme

Auto-tuning

Stochastic gradient descent

PR+l = ok — ¢tk o.J(0F)

step size

Generalization

Split simulation data in
training, validation and testing

/ T
stochastic gradient
from simulation

Non differentiable .J(6)?

Still get a descent direction
(common in NN community)

43



Implementation

Automatic differentiation

* Build computation graph
(simulate forward in time) . .
t t+1

 Backpropagate using Pylorch - — >
U+ f(wtautth)
o]

How do you backpropagate through ¢y ?

44



Differentiating through convex optimization problems

minimize  f(z,0) » x variable
subjectto g(zx,0) <0 * 0 parameter

VA

45
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minimize  f(z,0) » x variable
subjectto g(zx,0) <0 * 0 parameter

VA

Optimality conditions
Vof(z,0) + Dyg(z,60)"y =0
diag(y)g(z,0) =0
g(x*,0) <0
y* >0
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minimize  f(z,0) » x variable
subjectto g(zx,0) <0 * 0 parameter

VA

Optimality conditions
Vof(x,0) 4+ Dyg(z,0)" 'y =0
diag(y)g(z,0) =0
g(x*,0) <0
y* >0

stationarity
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Differentiating through convex optimization problems
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slackness g(z*,0) < 0

y* >0
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Differentiating through convex optimization problems

minimize  f(z,0) » x variable
subjectto g(zx,0) <0 * 0 parameter

VA

Optimality conditions
stationarity Vaf(z,0)+ Dyg(x,0)' y =0

complementary ____——— diag(y)g(z,0) =0
slackness g(z*,0) < 0

y* >0

} —— F(2*(0),6) =0

primal/dual
solution

2" = (27(0),y7(0))
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Differentiating through convex optimization problems

minimize  f(z,0) » x variable
subjectto g(zx,0) <0 * 0 parameter

VA

Optimality conditions
stationarity Vaf(z,0)+ Dyg(x,0)' y =0
complementary __ —— diag(y)g(z,0) =0

} — s F(2%(0),0) = 0

slackness g(x™,0) <0
“ 50 primal/dual
J = solution
2" = (27(0),y7(0))
Goal

Compute Dz*(6) 45



Differentiating through convex optimization problems

primal/dual
F(27(0),0) = solution

2" = (27(0),y7(0))

46



Differentiating through convex optimization problems

primal/dual
F(z7(0),0) =0 solution

2" = (27(0),y7(0))

Implicit function theorem
D.F(z*,0)Dz*(0) + DgF'(z*,0) =0
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Differentiating through convex optimization problems

primal/dual
F(27(0),0) = solution

2" = (27(0),y"(0))
Implicit function theorem
D.F(z*,0)Dz"(0) + Do F(z",0) =0

l one linear

Dz*(0) = — (D.F(2*,0)) " DgF(2*,0) (D,F(z*,6) must be invertible) System
solution
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Differentiating through convex optimization problems

primal/dual
F(z*(0),0) = solution

2" = (27(0),y7(0))

Implicit function theorem
D.F(z*,0)Dz"(0) + Do F(z",0) =0

' one linear
Dz*(0) = — (D.F(2*,0)) " DgF(2*,0) (D,F(z*,6) must be invertible) System
solution

. Vs V4
We plug Dz*(6) in AD 7

(automatic differentiation) () PyTorch

46



Box-constrained LQR

Problem setup
» dynamics: z;.1 = Axy + Buy + wy

» actuator limit: ||us|le <1

- stage cost: ! Qx; + ul Ruy
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Box-constrained LQR

Problem setup

Ut

» dynamics: z;.1 = Axy + Buy + wy

» actuator limit: ||us|le <1

- stage cost: ! Qx; + ul Ruy

COCP Policy (QP)

argmin

u

subject to

uw' Ru + ||0(Azy

|ulloo < 1
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Box-constrained LQR

Problem setup
» dynamics: z;.1 = Axy + Buy + wy

» actuator limit: ||us|le <1

- stage cost: ! Qx; + ul Ruy

COCP Policy (QP)
u; = argmin u’ Ru+ ||6(Azs + Bu)||5

subjectto  ||ulls <1 \

parameters

47



Box-constrained LQR

Performance
18
17 - — COCP Standard
16 - ~—— upper bound upper/lower bounds
i —— lower bound from SDPs
S 13
12 -
3 Hard to generalize
(other dynamics,
101 | | | | | | -
0 50 10 60 0 100 disturbances, etc)

1teration



Supply chain distribution

supplier
quantity price  consumer

held demand
N/

State: T — (ht,pt, dt)
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Supply chain distribution

supplier
quantity price  consumer

held demand
N/

State: T — (ht,pt, dt)

|npUt: Ut = (bt, St,Zt)
TN
buy sell ship

49



Supply chain distribution

supplier Dynamics

\ l / pi+1 and d; 1 are log-normal

State: T — (ht,pt, dt)

InpUt: Ut = (bt, St, Zt) Ai.I}(OUt) __
[ ’
buy sell ship

1 if link 57 enters (exits) node ¢
0 otherwise

49



Supply chain distribution

supplier Dynamics

| rice consumer in ou
quhaer?gty P demand s = e+ (A = A",

\ l / pi+1 and d; 1 are log-normal

State: T — (ht,pt, dt)

InpUt: Ut = (bt, St, Zt) Ai.I}(OUt) __
[ ’
buy sell ship

1 if link 57 enters (exits) node ¢
0 otherwise

Network example

—>®—> ——_—

suppliers \ consumers

—O—O— :



Supply chain distribution

Cost and constraints

Stage cost

p?bt — TTSt + TTZt + CVTht T 6Tht2 T I(mt’ ut)
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Supply chain distribution

Cost and constraints

\ Stage cost

pfbt — TTSt + TTZt + CVTht T ﬁThtz T Z(ajt’ ut)

v |

suppliers payment shipment cost

sale revenues
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Supply chain distribution

Cost and constraints |
constraints

\ Stage cost /

pfbt — TTSt + TTZt + CVTht T 6Th% T I(mt’ ut)

e | AN

suppliers payment shipment cost  storage cost

sale revenues

50



Supply chain distribution

Cost and constraints |
constraints

sale revenues \ Stage cost /

pfbt — TTSt + TTZt + CVTht T 6Th% T I(mt’ ut)

e | AN

suppliers payment shipment cost  storage cost

Constraints
O S ht S hmaxa O S Uy S Umax

A"y, < hy, s < dy

50



Supply chain distribution COCP
COCP

QP problem

us = (by, S¢,2¢) = argmin pib—r's+1lz+||ShT||Z2+q¢" ht
subjectto At = hy + (A™ — A°Y) (b, s, 2)
0 < AT <hmax, 0<(b,s,2) < Unax
A" (b, s, z2) < hy, s <d;
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Supply chain distribution COCP
COCP

l

us = (by, S¢,2¢) = argmin pib—r's+1lz4+||ShT|Z+q¢" ht
subjectto At = hy + (A™ — A°Y) (b, s, 2)
0 < AT <hmax, 0<(b,s,2) < Unax
A" (b, s, z2) < hy, s <d;

51



Supply chain distribution

Results
—(0.28 1
- - —0.30 1
Validation 7
© —(0.32 1
loss
—0.34 -
(I) 2|5 5IO 7|5 1(I)O 1é5 150 1%5 2(I)O

1teration
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Supply chain distribution

Results
—0.28 -
- - —0.30 -
Validation 7
|OSS © —0.32
—0.34
Normalized
shipments

25 50 75 100 125 150 175
1teration
Untrained Trained
3 —0) B
© —>()—>

200

I 1.0

- 0.8
- 0.6

- 0.4

- (0.2

I— 0.0
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Code generation for parametric convex optimization

CVXPYgen
https://pyp1.org/project/cvxpygen/

‘ Code m ()1ﬁ
Problem (Generator Source Compiler
Family Code

( E E) Custom
; > Solver r®

O Data/Information Program 3 Reading > Creating/Calculating

It supports quadratic (OSQP),
and conic (ECOS, SCS) optimization.
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Code generation for parametric convex optimization

Example
CVXPYgen minimize  ||Gx — hl|?
https://pyp1l.org/project/cvxpygen/ subjectto x>0

T

Source

D
Problem
Family Code
Custom
> Solver
v
= cp.Variable(n, name='x")

O Data/lnformation Program —J» Reading > Creating/Calculating = CP. Pa r‘ametel’( ( m,n ) y NaMe= ‘G’ )

Code

(zenerator

Compilerr . 9 — (G7 h)

tmport cvxpy as cp
from cvxpygen import cpg

= cp.Parameter(m, name='h"')
= cp.Problem(cp.Minumize(cp.sum_squares(G@x-h)),

It supports quadratic (OSQP), [x>=0])
and COhiC (ECOS, SCS) Optimization. Cpg.generate_code(p)




Learning COCPs summary

Interpretable Satlsf_y
constraints

Efficient and reliable

Handle varying

dynamics

(code generation)

Easy to learn
from data
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Learning COCPs summary

Interpretable Satlsf_y Handle varying
constraints dynamics

Efficient and reliable Easy to learn
(code generation) from data

Future work

* Hybrid (mixed-integer) control policies
o Stochastic policies with safety-guarantees

54



Conclusions
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Conclusions

Real-time

and

embedded optimization

will soon be applied everywhere

Efficient and
reliable optimizers
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