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Autonomous systems are smarter than ever before
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Quadcopter racing

Rocket landingDrone racing

[Foehn, Romero, Scaramuzza] [SpaceX]



Real-Time Optimization is crucial 
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Autonomous system
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Key for  
adaptive resilient systems

• Enforce constraint satisfaction


• React to unseen scenarios
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Fast 
Dynamic environments Uncertainty

Unexpected eventsUncertain 
Extreme events

Real-world applications are still challenging!



Next-generation optimization tools for Real-Time Decision Making
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Fast optimization 
algorithms

Robust problem 
formulations

Using data to build 



Accelerating First-Order Methods



Resurgence of first-order methods
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Huge scale  
optimization

Light 
computing 
platforms

Real-time  
optimization

HPC Clusters
Features

• Low iteration cost

• Warm-starting
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Quadratic optimization
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Quadratic Optimization
<latexit sha1_base64="wQGVPulj6zHxSBrUhlFKq/5jaN4="></latexit>

minimize (1/2)xTPx+ qTx

subject to l  Ax  u
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(1/2)xTPx+ qTx
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l  Ax  u

Numerous applications 

Core component in  
Model Predictive Control



ADMM
Alternating Direction Method of Multipliers
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Splitting

Iterations
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Proximal operator
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How do we split the QP?
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Z\IQLJ[ [V Ax = z

z 2 C
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Splitting formulation
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OSQP Algorithm
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Easy 
operations

Linear system 
solve

always solvable!

<latexit sha1_base64="u1GCSpyjkir3cmikSxYffY8lTYU="></latexit>

xk+1  Solve (P + �I + ⇢ATA)x = �xk � q +AT (⇢zk � yk)

zk+1  ⇧(Axk+1 + ⇢�1yk)

yk+1  yk + ⇢(Axk+1 � zk+1)

Algorithm in a nutshell
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minimize (1/2)xTPx+ qTx

subject to l  Ax  u

Problem

Efficient Robust Detects  
Infeasibility



OSQP
Operator Splitting solver for Quadratic Programs
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Mathematical Programming Computation 
Best Paper Award

OSQP: An Operator Splitting Solver for Quadratic Programs 
B. Stellato, G. Banjac, P. Goulart, A. Bemporad, S. Boyd 
Mathematical Programming Computation, 2020



Users
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[https://pepy.tech/project/osqp]

30 million  
downloads! 

IndustryAcademia

https://pepy.tech/project/osqp


Code generation with OSQP
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Optimized C code

Embedded 
Hardware# Create OSQP objec t

m = osqp .OSQP( )

# I n i t i a l i z e so l ve r
m. setup (P , q , A, l , u ,

se t t i ngs )

# Generate C code
m. codegen ( ’ folder_name ’ )



New in OSQP 1.0: Code generation from C to C
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Python API calls C code generation

Naming

Solver options

Codegen wrapper



Code generation from C to C
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Desktop C solver

Embeddable code
• No dynamic memory allocation

• Division-free

This is what gets called…



Code generation results
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OSQP

300x 
Reduction!

Compiled code size ~80kb (low footprint)

GUROBI

CPLEX

Self-contained and simplified 
directory structure

Workspace 
data



OSQP is integrated in CVXPYgen

Code generation for parametric convex optimization
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https://pypi.org/project/cvxpygen/
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Example
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✓ = (G, h)

Embedded Code Generation with CVXPY 
Schaller, Banjac, Diamond, Agrawal, Stellato, Boyd 
IEEE Control Systems Letters, 2022



CVXPYgen to deploy OSQP on a quadcopter
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MPC for quadcopter control

Deployed on 
Intel Atom x5-Z8350

Embedded Code Generation with CVXPY 
Schaller, Banjac, Diamond, Agrawal, Stellato, Boyd 
IEEE Control Systems Letters, 2022



Back to the OSQP Algorithm
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xk+1  Solve (P + �I + ⇢ATA)x = �xk � q +AT (⇢zk � yk)
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Algorithm in a nutshell
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minimize (1/2)xTPx+ qTx

subject to l  Ax  u

Problem
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Value of ⇢ can significantly change convergence behavior
Critical for real-time optimization!



How do we obtain fast convergence?
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Primal residual

Dual residual
<latexit sha1_base64="E36mBzw11LKWGiuM9YgyW13x468="></latexit>
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<latexit sha1_base64="NbHSjbO18zcg0FNDzxxlX6vwlqE="></latexit>

rkprim = Axk − zk
<latexit sha1_base64="sYFabsHBkMUvKd82UxImmv7aB9k="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V Ax = z

l  z  u
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small  
primal residual
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small  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                  Intuition 
(linear system solution
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What’s the optimal ⇢?



Constraint-wise step size
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Can we learn a 
better update rule 

from data?

<latexit sha1_base64="VykNOU8uOU8CO6fAghdhnzGBc1I="></latexit>

TPUPTPaL (1/2)xTPx+ qTx

Z\IQLJ[ [V l  Ax  u

Tight constraints
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li = (Ax?)i VY (Ax?)i = ui

Otherwise

Balance residuals
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ρk+1
i ← ρki

√
‖rprim‖/‖rdual‖
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⇢i = 0

Never tight
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⇢ = (⇢1, . . . , ⇢m)
Diagonal step size



Step size choice as a control problem
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Stage cost Cumulative cost 
<latexit sha1_base64="zH29gbMzVP/gZ0BC5U6cGkCyvYk="></latexit>
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J = E
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k=1

γk"(sk)

Train with  
Deep Policy Gradient methods (TD3)

Dynamics

controller
Dynamics

algorithm
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Constraint-wise control policy

24

<latexit sha1_base64="4+1nr4tfmVb++aCmqLhUY/QIeMs="></latexit>

φ(s) =





φc(s1)

φc(s2)
���

φc(sm)





Per-constraint update rule
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ρi = φc(si)
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si =
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min(zi − li, ui − zi)

(Ax)i − zi
yi


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Per-constraint state
slacks
infeasibility
dual variable

Generalize to 
different 

dimensions

Low-dimensional 
state per 
constraint

Small NN 
policy          
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Visualize learned policy
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Interpretable policy



Performance with step size learning
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RLQP (scalar)
RLQP (vector)

Timings for high-accuracy convergence criteria

Up to 3x faster 
than Gurobi

Accelerating Quadratic Optimization with Reinforcement Learning 
J. Ichnowski, P. Jain, B. Stellato, G. Banjac, M. Luo, F. Borrelli, J. Gonzalez, I. Stoica, and K. Goldberg.  
NeurIPS, 2021



OSQP features coming soon to 1.0
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Differentiable layers

Improved embedded  
code generation

# Create OSQP objec t
m = osqp .OSQP( )

# I n i t i a l i z e so l ve r
m. setup (P , q , A, l , u ,

se t t i ngs )

# Generate C code
m. codegen ( ’ folder_name ’ )

Embedded 
Hardware

Code generation from C to C

Modular  
linear algebra

Math Kernel Library (MKL)

github.com/osqp/{osqp,osqp-python,OSQP.jl}
Feeling impatient! Try it in branch develop-1.0

http://github.com/osqp


Ongoing and future research
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TPUPTPaL f(x, ✓)

Z\IQLJ[ [V g(x, ✓)  0

parameters

Parametric optimization
Can we guarantee  

convergence? 
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θ ∼ P

<latexit sha1_base64="30RbI6IcYCdHWiogmLc6zkUzmzg="></latexit>

xk+1 = Tθ(x
k)

Solve with first-order 
method

Algorithm certification
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maximize Eθ‖xK − Tθ(xK)‖
subject to xk+1 = Tθ(xk), k = 0, . . . ,K − 1

x0 = X(θ)

Final  
fixed-point 

residual

Initial 
iterate set

Algorithm certification



Next-generation optimization tools for Real-Time Decision Making

29

Fast optimization 
algorithms

Robust problem 
formulations

Using data to build 



Decision-making under Uncertainty



It is hard to make decisions under uncertainty
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But we have data!

EnergyFinanceTransportation



Problem setup with uncertain constraints
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optimization 
variable

uncertain 
parameter

<latexit sha1_base64="VQvF1UdCyazfPJXiCY91vvwgYMg="></latexit> concave
function of u

We want to guarantee constraint satisfaction
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minimize f(x)

subject to g(u, x) ≤ 0



How do we solve it?
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Robust optimization 
(RO)

✓ Tractable, expressive

❌ Can be conservative

Distributionally Robust Optimization 
(DRO)

✓ Can be less conservative

❌ Computationally expensive

Can we get the best of both worlds?



Probabilistic guarantees
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(but we never know P !)

Data
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D = {di}Ni=1

Data-driven probabilistic guarantees
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PN (E(g(u, x̂N )) ≤ 0) ≥ 1− βProduct  
Distribution

data-driven 
solution

probability of  
constraint 

satisfaction



Mean Robust Optimization (MRO)
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DN
Machine Learning 

Clustering

Data
Mean Robust Optimization 

Problem

Data-driven 
solution
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U(K, ε)

Uncertainty 
Set
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minimize f(x)

subject to ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)

constraint 
function

uncertainty 
set
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Uncertainty set
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U(K, ε) =

{
u = (v1, . . . , vK)

∣∣∣∣∣

K∑

k=1

wk‖vk − d̄k‖p ≤ εp
}

cluster  
weights

cluster  
centers

order

Examples
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Mean Robust Optimization Problem
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minimize f(x)

subject to ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)

uncertainty set
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wkg(vk, x)

constraint 
function
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u = (v1, . . . , vK)
Uncertain variable lifting



Solving the MRO problem
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Dualize constraint ḡ(u, x)  0, 8u 2 U(K, ✏)

conjugate 
function cluster 

centers
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It can be very expensive when K is large (e.g., K = N )
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∑K

k=1 wksk ≤ 0

[−g]∗(zk, x)− zTk d̄k + φ(p)λ‖zk/λ‖p/(p−1)
∗ + λεp ≤ sk, k = 1, . . . ,K

λ ≥ 0



MRO bridges between RO and DRO
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<latexit sha1_base64="heQhNZR/HhR6nCq8gLNgaq6VHv4="></latexit>

3
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

[KENSA19] D Kuhn, P M Esfahani, V A Nguyen, and S Shafieezadeh-Abadeh, “Wasserstein Distributionally Robust 
Optimization: Theory and Applications in Machine Learning

Robust 
Optimization

Distributionally 
Robust 

Optimization 

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

[KENSA19]



Satisfying the probabilistic guarantees
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Quite conservative bounds… can we do better?

<latexit sha1_base64="TMGrdcT62HtP4l/+AgpzxFfOonU="></latexit>

PN (E(g(u, x̂N )) ≤ 0) ≥ 1− β

probability of  
constraint 

satisfaction

<latexit sha1_base64="IMShMaD+K1p2HsVqcRwHeM0Q7DM="></latexit>

(d1, . . . , dN )

<latexit sha1_base64="2/URprxKPa2MO7BfifQjauixbAw="></latexit>

εN (β)<latexit sha1_base64="D9oSTyaWuTMxjdI4216cckua0q0="></latexit>

U(N, εN (β))
light-tailed

uncertainty set 
radius

MRO clustering

<latexit sha1_base64="vNI30Fruhdw/Kh4tuvpGFakVRXM="></latexit>

max
i∈Ck

‖di − d̄k‖

<latexit sha1_base64="AJFBDpGArZIRzEeDF//BJUlkU8g="></latexit>

U(K, εN (β) + ηN (K))
<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2
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<latexit sha1_base64="f1v0jPvF2kcK7cVBRw0KY104JkU="></latexit>

ḡ(u, x) ≤ 0 ∀u ∈ U(K, ε)
MRO constraint

Worst-case values
<latexit sha1_base64="PUagh6k670kMnwp3Nvtb+XqyG8Y="></latexit>

ḡN (x) = maximize
u∈U(N,ε)

ḡ(u, x)

<latexit sha1_base64="5TpMfERAstyBwdM+WY1jcyRvhLU="></latexit>

ḡK(x) = maximize
u∈U(K,ε)

ḡ(u, x)

<latexit sha1_base64="rHtcZ2N6tLNuSUufQ5VTtaD3mzI="></latexit>

d̄3
<latexit sha1_base64="LHNqIIEGEDE31BGZ+0LoYMa+acM="></latexit>

d̄1

<latexit sha1_base64="b+q2W8bmvehEqkRze5VCmo1oZ4c="></latexit>

d̄2

<latexit sha1_base64="8MdhLHEWrC/H2Dkwfta/1boFJtE="></latexit>

min
1

N

K∑

k=1

∑

di∈Ck

‖di − d̄k‖2

clustering 
objective

Theorem
<latexit sha1_base64="ORgY1Fi+Uz2S3soTzuuOg5IHlR8="></latexit>

ḡN (x) ≤ ḡK(x) ≤ ḡN (x) +
L

2
D(K)

<latexit sha1_base64="689mDGGZEbtWT508iQIVB1BChz0="></latexit>

If �g is L-smooth in u, we have

<latexit sha1_base64="kmdsddzpE3JPN8d6A+5AO3wX7pA="></latexit>

When g is affine in u (L = 0), clustering makes
no difference to the optimal value or optimal solution



MRO formulation
<latexit sha1_base64="EuaGZW5L5ENz5VesAn0YMyKPbgM="></latexit>

minimize cTx+ tr(CTX)

subject to 1TXj = 1, j = 1, . . . ,m

ḡ(u, x,X)i ≤ 0, ∀u ∈ U(K, ε), i = 1, . . . , n

x ∈ {0, 1}n, X ∈ Rn×m

Facility location

42

<latexit sha1_base64="W46maBWF+dHkO78rrCXoG6Qy0gY="></latexit>

minimize cTx+ tr(CTX)

subject to 1TXj = 1, j = 1, . . . ,m

(XT )iu ≤ rixi, i = 1, . . . , n

x ∈ {0, 1}n, X ∈ Rn×m

cost of 
opening charging stations

cost of  
energy distribution

vector of uncertain 
energy demands

capacity 
constraints

<latexit sha1_base64="eFwlrwgqeYnmjTk+vo2AuZSO7Qo="></latexit>

g(u, x,X)i = (XT )iu− rixi
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<latexit sha1_base64="zBwOtxGz5L2FelnpyozDZNnZskw="></latexit>

n = 5 locations, m = 120 users, N = 50 samples



Capital budgeting example
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Problem
cash  
flow

discount 
rate

<latexit sha1_base64="4L9iSsFyP2dIBQFgpNxQFDBWPV0="></latexit>

ηj(u) =
T∑

t=1

Fjt

(1 + uj)t

<latexit sha1_base64="vP2fKRglYNSJWFH8yQf/Pzx9dZc="></latexit>

NPV of project j
<latexit sha1_base64="zon0MrLMeTrejW1k1f7OvbWLWR4="></latexit>

maximize η(u)Tx

subject to aTx ≤ b

x ∈ {0, 1}n

<latexit sha1_base64="n4mixeU6P7XziWIVH8D+yN2hhkU="></latexit>

g(u, x, τ) = −η(u)Tx− τ

total 
net present value (NPV)

budget 
constraint

MRO formulation
<latexit sha1_base64="G1MQ8HzH7t7TH8rjF5CaQKqXUJo="></latexit>

minimize τ

subject to ḡ(u, x, τ) ≤ 0, ∀u ∈ U(K, ε)

aTx ≤ b

x ∈ {0, 1}n
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2 clusters give near-optimal 
performance

<latexit sha1_base64="eqGWaf4HbyUWrg8iJDCIlIxSnik="></latexit>

n = 20, N = 120, T = 5



Ongoing and future research
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Mean Robust Optimization  
for 

Stochastic Model Predictive Control
<latexit sha1_base64="Tl+RQHg0BXxP4aqQSxvlcq3jHrg="></latexit>

minimize V (xN ) +
∑N−1

t=0 xT
t Qxt + uT

t Rut

subject to xt+1 = Axt +But + wt, t = 0, . . . , N − 1

x0 = xinit

ut ∈ U, t = 0, . . . , N − 1

P(xt ∈ X) ≥ 1− ε, t = 0, . . . , N

Can we ensure closed-loop 
constraint satisfaction?



Mean Robust Optimization
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• Bridge between RO and DRO


• Clustering effect


• Multiple orders of magnitude speedups

Number of 
Clusters

<latexit sha1_base64="Sf8kQIPO3kZXEiHQ7PmQgH5zZhQ="></latexit>

1
<latexit sha1_base64="GX69XE50MfVJgQFEl60Ljr4kucc="></latexit>

N
<latexit sha1_base64="NqiAyaLuZotqlrFwSP5UVpgYwvE="></latexit>

K

RO DRO

<latexit sha1_base64="X2vmrwUVwGP7iLY6LLcMHvJu7VA="></latexit>

g affine in u zero clustering effect!
<latexit sha1_base64="2odSS/akhpIr5vgWKmRpsHidXBU="></latexit>

g concave in u performance bound

https://github.com/stellatogrp/mro_experiments

https://arxiv.org/abs/2207.10820 INFORMS Computing Society  
Student Paper Award Winner
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Example MRO with linear constraints
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<latexit sha1_base64="MVDZhbmuiDh1Tuuw0ee9DFlTK4s="></latexit>

[−g]∗(zk, x) = sup
u

zTk u− (a+ Pu)Tx+ b =

{
aTx− b if zk + PTx = 0

∞ otherwise
<latexit sha1_base64="AGhCzFRr8hEuG4cANtvNTlfkWJA="></latexit>

z1 = z2 = · · · = zk = −PTx
<latexit sha1_base64="FzI28VwOC+mKOB8mirMGFIhhx2k="></latexit>

minimize f(x)

subject to
∑K

k=1 wksk ≤ 0

[−g]∗(zk, x)− zTk d̄k + ε‖zk‖∗ ≤ sk, k = 1, . . . ,K

<latexit sha1_base64="+fShJdxP0vsvsl0oXV+OV5uUU6c="></latexit>

minimize f(x)

subject to aTx− b+ (PTx)T d̄+ ε‖PTx‖∗ ≤ 0

<latexit sha1_base64="7iVJS4TSPCWZq+aKaDTxnklSoUQ="></latexit>

(a+ Pu)Tx ≤ b
<latexit sha1_base64="T0TNittafIc8O3RXPKSZqXfvb10="></latexit>

g(u, x) = (a+ Pu)Tx− b
<latexit sha1_base64="lsPoRIOSOpZC2p5au/npSE3NA0I="></latexit>p = ∞


